Abstract. For Riemannian manifolds with a smooth measure (M, g, e −f dvg), we prove a generalized Myers compactness theorem when Bakry-Emery Ricci tensor is bounded from below and f is bounded.
Introduction
One of the most fundamental results in Riemannian geometry is the Myers theorem, which states that if a complete Riemannian manifold (M, g) satisfies Ric ≥ (n − 1)H with H > 0, then M is compact and diam(M ) ≤ π √ H . Here, Ric is the Ricci curvature of the metric g. This theorem has been generalized through different approaches (see [1] , [2] , [6] , and [8] ), one of which is the effort of Wei and Wylie, who proved the theorem for manifolds with a positive lower Bakry-Emery Ricci curvature bound in [7] . A Bakry-Emery Ricci tensor is defined as
where f is a smooth function on M and Hess f is the hessian of f . Where |f | ≤ k, they proved that
Several works have attempted to generalize this result (for example, see [4] , [5] , [9] , and [10] ), including that of Sprouse which can be summarized in the following three theorems.
) be a compact Riemannian manifold of nonnegative Ricci curvature. Then, for any δ > 0, there exists ǫ = ǫ(n, δ) such that if
Here, dv g is the Riemannian volume density on M , Ric − (x) is the lowest eigenvalue of the Ricci tensor Ric(x), and h + (x) = max{h(x), 0} for an arbitrary function h on M . For Ric ≥ (n − 1)k with k ≤ 0, these generalizations are attained.
Theorem 1.2 ([6]
). Let (M, g) be a complete Riemannian manifold with Ric ≥ (n − 1)k, k ≤ 0. Then, for any R, δ > 0, there exists ǫ = ǫ(n, k, R, δ) such that if
then the universal cover of M is compact, and hence, π 1 (M ) is finite.
We will generalize these results to the Bakry-Emery Ricci tensor bounded from below. Let (M, g, e −f dv g ) be a smooth metric measure space, where M is a complete n-dimensional Riemannian manifold with metric g. Likewise, let Ric f − (x) denote the lowest eigenvalue of the Bakry-Emery Ricci tensor Ric f (x). Then, we prove the following theorem.
Given that (M, g) is noncompact or does not exhibit a nonnegative Bakry-Emery Ricci curvature, averaging the bad part of Ric f over metric ball, as in [6] yields a similar result as follows.
Finally, we could obtain the result for the fundamental group of M , which is stated as follows.
−f dv g ) be a complete n-dimensional Riemannian manifold with Ric f ≥ (n − 1)H, H < 0, and |f | ≤ k. Then for any R > 0, there exists ǫ =ǫ(n + 4k, H, R) such that if
Proof of Theorem 1.4
Let (M, g, e −f dv g ) be a smooth metric measure space, where (M, g) is a complete n-dimensional Riemannian manifold. Let A 1 , A 2 , W be open subsets of M such that A 1 , A 2 ⊂ W , and all minimal geodesics γ x,y from x ∈ A 1 to y ∈ A 2 lie in W .
We will use the estimate of Cheeger and Colding for BakryEmery Ricci tensor ( [3] , Proposition 2.3); thus, for a nonnegative integrable function on M ,
, , the simply connected model space of dimension n + 4k with constant curvature H. Because H = 0, we denote C(n + 4k, H, R) by C(n + 4k).
Applying sn H (r) as a solution to 
implying that
Therefore,
, and A 2 = B(q, r). Applying the inequality (2.1), A1×A2 γx,y
Consequently, let vol n+4k H
(r) be the volume of the radius r-ball in M n+4k H
, the simply connected model space of dimension n + 4k with constant curvature H. Then, we have inf (x,y)∈A1×A2 γx,y
where the last inequality follows from (2.3). Note that if H = 0, the volume element v(r) = r n+4k−1 , which gives
Now, we can find a minimizing unit speed geodesic γ from x ∈ A 1 to y ∈ A 2 of length L = d(x, y). Let {E 1 , · · · , E n = γ ′ } be a parallel orthonormal frame along γ and a smooth function
; then, by the second variation of γ, we have
Likewise, note that
If we set the function b as
By the inequality (2.4),
by the triangle inequality,
Thus,
Then by (2.7), we obtain
This inequality gives
Finally, by the inequality (2.5), (2.6), and (2.8), we have
This completes the proof.
3. Proof of Theorem 1.5 and 1.6
We will prove Theorem 1.5 in this section following the same setting for Theorem 1.4. Let γ be a minimizing unit speed geodesic from x ∈ A 1 to y ∈ A 2 of length L = d(x, y). Likewise, let {E 1 , · · · , E n = γ ′ } be a parallel orthonormal frame along γ and a smooth function
For the proof, we need the following result. ((n − 1) − Ric f − ) + e −f dv g .
